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1. INTRODUCTION
 The white noise distribution theory, initiated by Hida 8 , has been
developed to an efficient infinite dimensional calculus with applications to
  quantum physics 10, 12 , infinite dimensional harmonic analysis 11, 17,
  18, 20 , infinite dimensional differential equations 46, 19 , quantum
 stochastic calculus 7, 13 , and so forth. The framework of white noise
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distribution theory considered in this paper is the Gelfand triple,
2E  L E*,   E , 0  1Ž . Ž . Ž . 
  Ž .introduced by Kondratiev and Streit 14 , where E* S   is the space
of tempered distributions and  is the standard Gaussian measure on E*.
This framework is an infinite dimensional analogue of Schwarz distribution
theory on Euclidean space with Lebesgue measure.
In recent years infinite dimensional Laplacians based on white noise
distribution theory, in particular, the Gross Laplacian  and the numberG
operator N have been considerably studied in connection with infinite
dimensional harmonic analysis and applications to infinite dimensional
Ž  .   differential equations see 4, 5, 11, 1820 . Kuo 19 showed that 12G
 iN is the infinitesimal generator of the one-parameter transformation
 group of FourierMehler transforms. Obata 21 proved that every rota-
tion-invariant operator is generated by  , N, and their adjoints. ChungG
 and Ji 3 constructed a two-parameter transformation group G which is
indeed the two-dimensional Lie group associated with the Lie algebra
 N and obtained explicitly a one-parameter transformation sub-G
group of G with infinitesimal generator a  bN for any a, b	. ForG
   further work of 3 , Obata 24 discussed all possible two-dimensional
complex Lie algebras containing N and constructed the associated Lie
 groups. On the other hand, Hida et al. 9 obtained a finite dimensional
complex Lie algebra  generated by I, p , q ,  , and N where p and q  G  
are defined by
1  p  D 
D and q  i D D , 	 E .Ž . Ž .      2
Here D and D are annihilation and creation operators, respectively. In 
 connection with the above mentioned works of 3, 24 , it is a question of
interest to construct the five-dimensional complex Lie group associated
with the Lie algebra .
This paper is organized as follows. In Section 2, we recall a brief
background and known results in white noise distribution theory. In
Section 3, we construct multi-parameter transformation groups H and K
on white noise functionals and study the properties of transforms in those
groups. In Section 4, we find all possible differentiable one-parameter
transformation subgroups of H and K and their infinitesimal generators.
In Section 5, we explicitly construct a Lie group H associated with Lie
² :algebra  I, p , q , N,  , and a Lie group K associated with a Lie  G
algebra containing some integral kernel operators and the number opera-
tor. We also discuss a matrix representation of K.
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2. PRELIMINARIES
Let H be the real Hilbert space of square integrable functions on 
  Ž . Ž .with norm  . Let S  and S   be the Schwarz space consisting of0
rapidly decreasing C-functions and the space of the tempered distribu-
tions, respectively. Then we have a Gelfand triple,
E S  H S    E*Ž . Ž .
2 2 2 Ž  .which is reconstructed by A 1 t 
 d dt see 10, 20, 23 . In fact,
E is a nuclear space equipped with the Hilbertian norms
   p 	  A 	 , 		 E, p	.p 0
By the BochnerMinlos Theorem, there exists a unique Gaussian measure
Ž .standard Gaussian measure  on E* such that its characteristic function
is given by
1 2i² x , 	 :  e  dx  exp 
 	 , 		 E,Ž . Ž .H 02
E*
² :where  ,  is the canonical bilinear form on E* E. The canonical
Ž n. Ž n.-bilinear form on E * E is also denoted by the same symbol 
² : Ž 2 . 2Ž . ,  . We denoted by L  L E*, ; the complex Hilbert space of
 square integrable functions on E* with norm  . According to the0
Ž 2 .WienerIto decomposition theorem each 
	 L is expressed in theˆ
form

ˆn n
 x  : x :, f , x	 E*, f 	H 2.1² :Ž . Ž .Ý n n 
n0
and

2 2 2     
  
 x  dx  n! f ,Ž . Ž . Ý0 H 0n
E* n0
ˆnwhere H is the n-fold symmetric tensor product of the complexification
n n  of H and : x : denotes the Wick ordering of x 11 .
Let  be a fixed number with 0  1. For each p 0, define
12
1 2 2   
  n! f , 
	 L ,Ž . Ž .Ýp ,  pnž /
n0
Ž . Ž . 	 Ž 2 .  where 
 is given by the expansion 2.1 . Let E  
	 L : 
 p, p 
4 Ž . 	Ž . 4 Ž . and let E be the projective limit of E : p 0 . Then E is a p  
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nuclear space and we have a Gelfand triple,
2E  L  E ,Ž . Ž . Ž . 
Ž . Ž .where E is the topological dual space of E . This triple was intro- 
 duced by Kondratiev and Streit 14 . When  0, the triple will be simply
Ž . Ž 2 . Ž .   Ž . Ž . Ž .denoted by E  L  E * 15 . Obviously, E  E and E *
Ž . ²² :: Ž .E . We denote by  ,  the canonical -bilinear form on E  
Ž . Ž . 	 4E . For each 	 E , there exists a unique sequence F , F 	  n n0 n
Ž n.E such that s ym

²² :: ² : , 
  n! F , f , 
	 E , 2.2Ž . Ž .Ý n n
n0
Ž .where 
 is given as in 2.1 . In this case we use a formal expression for
Ž .	 E :

n² : x  : x :, F , x	 E*.Ž . Ý n
n0
Ž .Let L  ,  denote the space of all continuous linear operators from a
locally convex space  into another locally convex space  equipped with
the topology of uniform convergence on bounded subsets of . Also for
Ž . Ž .notational convenience we write L   L  ,  .
Ž .For each 		 E , the function 
 	 E given by 	 
 n	
1n ² : ² :
 x  : x :,  exp x , 	 
 	 , 	 , x	 E* 2.3Ž . Ž .Ž .Ý	 2¦ ;n!n0
	 4is called an exponential ector. Note that 
 : 		 E spans a dense	 
 ˆŽ . ŽŽ . Ž . .subspace of E . For each 	 L E , E , the -valued function   
on E  E defined by 
ˆ ²² :: 	 ,   
 , 
 , 	 ,	 EŽ . 	  
is called the symbol of . The following theorem is a characterization
ŽŽ . . Ž  .theorem for the symbol of the operator in L E see 1, 20, 22, 23 .
THEOREM 2.1. For a -alued function : E  E  which is a 
ŽŽ . .symbol of an 	 L E if and only if  satisfies the following conditions:
Ž . Ž . Ži For each 	 , 	 ,, 	 E , the function z, w  z	 	 , w
.  is an entire function on ;
Ž .ii For any p 0 and  0, there exist q 0 and K 0 such that
    2Ž1
 .   2Ž1 . 	 ,   K exp  	   , 	 , 	 E .Ž . ½ Ž . 5pq 
p 
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In this case, for any  0 satisfying the inequalities
1
 12 22 22 
1 2 
1   e A  1 and e A  1,HS HSž / ž /1
  1 
there exist q 0 and K 0 such that
   
  KM  ,  
 , 
	 E ,Ž . Ž . p
1,  pq1, 
Ž .where M  ,  is gien by

121
2 22 
1 M  ,   1
 e AŽ . HSž /ž /1
 

1212 22 
1  1
 e A .HSž /ž /1 
 ŽŽ ..For each y	 E there exists a unique operator D 	 L E such that y
² :D 
  y, 	 
 , 		 E which is called the annihilation operator. They 	 	 
 ŽŽ . .adjoint operator D 	 L E * of D is called the creation operator. Also,y y
Ž Ž lm..by Theorem 2.1, for each 	 E *, there exists a unique operator
Ž . ŽŽ . Ž . .  	 L E , E * such thatl, m

²² ::  	 ,     
 , 
Ž . Ž . Ž .l , m l , m 	 
²  l m: ² 	 , :  ,   	 e , 	 , 	 E .
Ž .This   is called the integral kernel operator with kernel distribution  .l, m
Ž . Ž .In particular,    and N  are called the Cross Lapla-G 0, 2 1, 1
cian and number operator, respectively, where  is the trace defined by
² : ² : , 	   	 , , 	 ,	 E .
  Ž Ž lm.. Ž . ŽŽ ..It is known 23 that for 	 E *,   	 L E if and only if l, m
Ž  l. Ž m.	 E  E *. 
	 4 ŽŽ . .THEOREM 2.2. Let  be in L E . Then  conerges to somen n1  n
ŽŽ . . in L E if and only if the following conditions hold:
ˆŽ . Ž .1 For any 	 , 	 E the limit lim  	 ,  exists. n n
Ž .2 For any p 0 and  0, there exist q 0 and K 0 such that
ˆ 2Ž1
 . 2Ž1 .      	 ,   K exp  	   , 	 ,	 E , n	.Ž . ½ Ž . 5pq 
pn 
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 Proof. By using similar arguments in the proof of Theorem 4.3 in 1 ,
we can prove the theorem.
3. MULTI-PARAMETER TRANSFORMATION GROUPS
Ž .In this section we define multi-parameter transforms H  ,  ,  ,  , 1 2 3 4 5
Ž . Ž .and K acting on E and E , respectively, as generalizations of ,  , . . . , 1 n  the G -transform studied in 3 , where  ,  , . . . ,  	 and 	 E . ,  1 n 
3.1. A Fie-Parameter Transformation Group
Let 	 E and  ,  ,  ,  ,  	. Then we define a five-parame- 1 2 3 4 5
Ž . Ž .ter transform H  acting on E and then show that the class ,  ,  ,  , 1 2 3 4 5
H of all such transforms forms a five-parameter transformation group.
² :LEMMA 3.1. Let 	 E with  ,   0. Then for any  ,  ,  , 1 2 3
Ž . ŽŽ .. ,  	, there exists a unique operator H  	 L E such4 5  ,  ,  ,  , 1 2 3 4 5
that
² : ² :H  
   exp   , 	   	 , 	 
 , 		 E .	 4Ž . ,  ,  ,  ,  	 1 2 3  	  1 2 3 4 5 4 5
3.1Ž .
Proof. Let  ,  ,  ,  ,  	. For any 	 , 	 E , put1 2 3 4 5 
² : ² : ² : ² : 	 ,   exp   , 	   	 , 	   	 ,    ,  .	 4Ž . 1 2 3 4 5
3.2Ž .
Ž . Ž .Then it can be shown that  satisfies conditions i and ii in Theorem 2.1
with  0. Hence by Theorem 2.1, there exists a unique operator
Ž . ŽŽ ..H  	 L E such that ,  ,  ,  , 1 2 3 4 5
Hˆ  	 ,  	 , , 	 ,	 E .Ž . Ž . Ž . ,  ,  ,  ,  1 2 3 4 5
Hence we complete the proof.
	 4Let  and *
 0 be the additive and multiplicative group of
Ž .complex numbers, respectively. For a locally convex space  , let GL 
denote the group of all linear homeomorphisms from  onto itself.
² :THEOREM 3.2. Let  	 E with  ,   0 and let H 
	 Ž . 4H  :  ,  ,  	,  ,  	* . Then H forms a subgroup ,  ,  ,  ,  2 3 5 1 41 2 3 4 5
ŽŽ ..of GL E .
Ž .Proof. For any 		 E we have, by Lemma 3.1, H  
  
 1, 0, 0, 1, 0 	 	
and
H 	 	 	 	 	  H  
Ž . Ž . ,  ,  ,  ,   ,  ,  ,  ,  	1 2 3 4 5 1 2 3 4 5
 H 	 Ž 	  2 	  .²  ,  : 	 	 	 2 	 	 	  
 , Ž .3 2 55  e , 2      ,    ,   ,    	1 1 3 4 5 2 4 2 3 4 3 4 4 4 5 5
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	 	 	 	 	 	for any  ,  ,  ,  	* and  ,  ,  ,  ,  ,  	. But 
  		1 1 4 4 2 2 3 3 5 5 	
4 Ž . Ž .E spans a dense subspace of E and H  are continuous.  ,  ,  ,  , 1 2 3 4 5
Ž .Hence it follows that for any 
	 E
H  
 
Ž .1, 0, 0, 1, 0
and
H 	 	 	 	 	  H  
Ž . Ž . ,  ,  ,  ,   ,  ,  ,  , 1 2 3 4 5 1 2 3 4 5
 H 	 Ž 	  2 	  .²  ,  : 	 	 	 2 	 	 	  
 . Ž .3 2 55  e , 2      ,    ,   ,   1 1 3 4 5 2 4 2 3 4 3 4 4 4 5 5
	 Ž . 	ŽŽ 2 . 2 .² :4 	 ŽPut   1 exp 
        ,  ,   2  
1 1 3 5 2 4 5 4 2 3 5
. 2 	 2 	 	   ,   
  ,   1 , and   
  . Then2 4 4 3 3 4 4 4 5 5 4
Ž . Ž .	 	 	 	 	H  is the inverse of H  in H. This completes ,  ,  ,  ,   ,  ,  ,  , 1 2 3 4 5 1 2 3 4 5
the proof.
ŽŽ ..  n ŽŽ ..For 	 L E , if the infinite series Ý  n! converges in L E ,n0
then we will write it by e. Then, by applying Theorem 2.2 with  0, it
	  4can be shown that for any 	 D , D ,  , N and 	, the series  G
 Ž .n  ŽŽ ..Ý  n! converges to e in L E .n0
Ž .THEOREM 3.3. The transform H  has the representation ,  ,  ,  , 1 2 3 4 5
H    e5 D

  eŽln 4 .N e3G e2 D .Ž . ,  ,  ,  ,  11 2 3 4 5
Proof. It can be easily shown that for any 		 E , we have
H  
   e5 D

  eŽln 4 .N e3G e2 D
 .Ž . ,  ,  ,  ,  	 1 	1 2 3 4 5
Ž . 5 D ln 4 N  3G 2 DWe note that H  and  e  e  e  e are ,  ,  ,  ,  11 2 3 4 5
Ž . 	 4continuous linear operators on E . Since 
  		 E spans a dense	 
Ž .subspace of E , the proof follows.
Ž .Remark. For any a, b b 0 	, we have
H   eŽln b.N eaG .Ž .1, 0, a , b , 0
Ž .Thus the transform H  coincides with the G -transform studied1, 0, a, b, 0 a, b
 in 3 .
Ž .3.2. An n 1 -Parameter Transformation Group
	 4Let m , . . . , m be non-negative integers and let mmax m , . . . , m .1 n 1 n
Ž m i.Let  	 E , i 1, . . . , n. For notational convenience, we writei 
0, m 0, 1
 2½ 1
 , m 2, 3, . . . .m
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Ž .Then we define a transform K acting on E , where ,  , . . . , 1 n
 ,  , . . . ,  	.1 n
LEMMA 3.4. For each  ,  , . . . ,  	, there exists a unique operator1 n
ŽŽ . .K 	 L E such that ,  , . . . , 1 n
² m1: ² m n:K 
  exp   , 	    , 	 
 ,	 4 ,  , . . . , 	 1 1 n n 	1 n
		 E . 3.3Ž .
Proof. Let  ,  , . . . ,  	. For any 	 ,	 E , put1 n 
² : ² m1: ² m n: 	 ,  exp  	 ,    , 	    , 	 . 3.4Ž . Ž .	 41 1 n n
Ž . Ž .Then we can easily check that  satisfies conditions i and ii in Theorem
2.1. Hence by Theorem 2.1, there exists a unique operator K 	 ,  , . . . ,1 n
ŽŽ . .L E such that
Kˆ 	 ,   	 , , 	 ,	 E .Ž . Ž . ,  , . . . , 1 n
Hence we complete the proof.
Remark. Let    and   0, i 2, . . . , n. Then K coin-1 i  ,  , 0, 0, 01 cides with the G -transform studied in 3 . , 1
	 4THEOREM 3.5. Let K K : 	*,  , . . . ,  	 . Then K ,  , . . . , 1 n1 n
ŽŽ . .forms a subgroup of GL E .
Proof. For any 		 E , by Lemma 3.4, we have K 
  
 and 1, 0, . . . ,0 	 	
K 	 	 	 K 
  K 	 	 m 	 m 
 ,1 n ,  , . . . ,  ,  , . . . , 	   ,    , . . . ,   	1 n 1 n 1 1 n n
	 	 	 	 4 	 4for any  , . . . ,  ,  , . . . ,  	 and  ,  	
 0 . But 
 : 		 E1 n 1 n 	 
Ž .spans a dense subspace of E and K is continuous. Hence it  ,  , . . . ,1 n
Ž .follows that for any 
	 E 
K 
 
 and1, 0, . . . ,0
3.5Ž .
	 	 	 	 	 	m mK K 
 K 
 .1 n ,  , . . . ,  ,  , . . . ,   ,    , . . . ,  1 n 1 n 1 1 n n
Since K m m is the inverse of K in K, we1 n1 ,
  , . . . ,
   ,  , . . . ,1 n 1 n
complete the proof.
By duality, the following theorem is obvious.
	   4THEOREM 3.6. Let K* K : 	 ,  , . . . ,  	 . Then ,  , . . . , 1 n1 n
ŽŽ . .K* is a subgroup of GL E .
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Ž . THEOREM 3.7. For each  ,  , . . . ,  	 and 	 E , K 1 n   ,  , . . . ,1 n
has the following representation
K    I  :e1²m1 , 1: :  :en²m n ,  n: :,Ž . ,  , . . . ,1 n
Ž . Ž .where   I is the second quantization operator of  I on E ,  is the
Ž . Ž  . ²m ,  :Wick product of ,	 E see 10, 20 and :e : is the additie
renormalization of e²
m ,  : defined by
 nm² ,  : m n n² ::e 
 : :,  .Ý n!n0
Proof. For any 		 E , we obtain that
²²  ::K  , 
 ,  , . . . ,  	1 n
²² ::  , K 
 ,  , . . . , 	1 n
²² :: ² m1: ² m n:  , 
 exp   , 	    , 		 4	 1 1 n n
²² ::²² 1²m1 , 1: :: ²² n²m n ,  n: ::   I  , 
 :e :, 
  :e :, 
Ž . 	 	 	
²² 1²m1 , 1:  n²m n ,  n: ::   I  :e :  :e :, 
 .Ž . 	
Hence we complete the proof.
Ž . Ž .THEOREM 3.8. Let  ,  , . . . ,  	 and let 	 E with  x 1 n 
 ² n : Ž n. Ý : x :, F , F 	 E . Then K  has the expansionn0 n n  s ym  ,  , . . . , 1 n
K  xŽ . ,  , . . . ,1 n
l l
m l l
m l 
    
m l1 1 1 1 n
1 n
1
m m m1 2 n
 l l
m l 
   
m l1 1 n n : x :,  Ý Ý Ý Ý−l0 l 0 l 0 l 01 2 n

 l1  ln1 n l  l1 nˆ ˆ ˆ F      . 3.6Ž .l
m l 
   
m l 1 n1 1 n nl ! l !1 n <
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Proof. By Theorem 3.7, we obtain that for any 		 E
²²  ::K  , 
 ,  , . . . , 	1 n
  l11l  l l m l1 1 1² : ² :  F , 	  , 	 Ý Ýl 1ž / ž /l !1l0 l 01
 lnn  l m ln n n² : , 	Ý nž /l !nl 0n
   l l1 n 1 nl  l² :    F , 	Ý Ý Ý ll ! l !1 nl0 l 0 l 01 n
²  l1 m1 l1: ²  ln m n ln:  , 	   , 	1 n
l l
m l l
m l 
 
m l1 1 1 1 n
1 n
1
m m m1 2 n
l
m l 
   
m l1 1 n n  Ý Ý Ý Ý
l0 l 0 l 0 l 01 2 n
 l1  ln1 n  l  l  l1 nˆ ˆ ˆ² :  F      , 	 .l
m l 
   
m l 1 n1 1 n nl ! l !1 n
Ž . Ž .Hence in view of 2.2 , we obtain the expansion 3.6 .
Ž . Ž .THEOREM 3.9. Let  ,  , . . . ,  	 and let 
	 E with 
 x 1 n 
ˆ n n² :Ý : x :, f , f 	 E . Then K 
 has the expansionn0 n n   ,  , . . . ,1 n
K 
 xŽ . ,  , . . . ,1 n
   lm l   m l !Ž .1 1 n nl l l l1 n : x :,     Ý Ý Ý 1 n¦ l!l !  l !1 nl0 l 0 l 01 n
  ln ˆ  l1 ˆ     f  , 3.7Ž .ž /ž /n m l 1 m l lm l    m ln n 1 1 1 1 n n ;
 l ˆ Ž  .where   f is the left contraction see 23 .ml nml
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Ž . Ž .  ² n : Ž .Proof. Let 	 E with  x Ý : x :, F and let 
	 E n0 n 
Ž .  ² n :with 
 x Ý : x :, f . Then by Theorem 3.8, we obtain thatn0 n
²² :: , K 
 ,  , . . . ,1 n
²²  :: K  , 
 ,  , . . . ,1 n
l l
m l l
m l 
   
m l1 1 1 1 n
1 n
1
m m m1 2 n
l
m l 
   
m l1 1 n n l!  Ý Ý Ý Ý−l0 l 0 l 0 l 01 2 n
 l1  ln1 n  l  l1 nˆ ˆ ˆ  F      , fl
m l 
   
m l 1 n l1 1 n nl ! l !1 n <
   lm l   m l !Ž .1 1 n n l l l1 n     Ý Ý Ý 1 nl !  l !1 nl0 l 0 l 01 n
ˆ  l1 ˆ ˆ  ln F      , f¦ ;l 1 n lm l    m l1 1 n n
   lm l   m l !Ž .1 1 n n l l l1 n l! F ,     Ý Ý Ýl 1 n¦ l!l !  l !1 nl0 l 0 l 01 n
 ln ˆ  l1 ˆ     f  .ž /ž /n m l 1 m l lm l    m ln n 1 1 1 1 n n ;
Ž . Ž .Hence in view of 2.2 , we obtain the expression 3.7 .
Ž . Ž m.THEOREM 3.10. For any integral kernel operator   , 	 E *,0, m 
 Ž .n 0, mŽ . ŽŽ . .and 	, the series Ý   n! conerges to e in L E ,n0 0, m 
where if m 0, 1, 2, then  0 and if m 3, then  1
 2m.
Proof. By applying Theorem 2.2, the proof follows.
THEOREM 3.11. Let  ,  , . . . ,  	. Then K has the repre-1 n  ,  , . . . ,1 n
sentation
K  eŽln  .N e10 , m1Ž1.  en0 , m nŽ n. . ,  , . . . ,1 n
Proof. Note that K  eŽln  .N. Hence by Theorem 3.10 and Theo- , 0, . . . ,0
rem 3.5, we obtain that
K  K  K   K ,  , . . . ,  , 0 , . . . ,0 1,  , 0 , . . . ,0 1, 0, . . . ,0 , 1 n 1 n
 eŽln  .N e10 , m1Ž1.  en0 , m nŽ n. .
Thus we complete the proof.
CHUNG AND JI740
4. ONE-PARAMETER TRANSFORMATION GROUPS
In this section, we find all possible differentiable one-parameter sub-
groups of H and K and their infinitesimal generators. We first recall the
definition of a differentiable one-parameter group and its infinitesimal
generator.
	 4 ŽŽ . .DEFINITION 4.1. A one-parameter subgroup  GL E is 	 
ŽŽ . .called differentiable if there exists a 	 L E such that for each
Ž .
	 E ,
 

 

lim 

  0, for all 
	 E and p 0. 4.1Ž . Ž .
0 p , 
	 4Such a  is called the infinitesimal generator of  . Note that  is
unique.
4.1. One-Parameter Transformation Subgroup of H
In this subsection, we find a differentiable one-parameter subgroup of H
with infinitesimal generator a I a D  a   a N a D , for arbi-1 2  3 G 4 5 
² :trary a , a , a , a , a 	 and 	 E with  ,   0.1 2 3 4 5 
LEMMA 4.2. Let  ,  ,  ,  , and  be differentiable -alued func-1 2 3 4 5
Ž . Ž .tions on  such that    0,    0 for all 	 . Then1 4
	 4 ŽŽ ..H is a one-parameter subgroup of GL E if Ž .,  Ž .,  Ž .,  Ž .,  Ž . 	1 2 3 4 5
and only if the functions  ,  ,  ,  , and  are gien by either1 2 3 4 5
2² : a a  ,  1 22 a  a 3 5 4 4   exp a  e 
 1 
 e 
 1   ,Ž . Ž . Ž .1 1½ 52 2 a aa 4 44
a a 1 a 2 5 4² :exp  ,  e 
 1 
  ,Ž .½ 5a a4 4
2 a a 1 1 a2 a  a  a 3 5 24 4 4   e 
 1 
 e 
 1  e 
 1 ,Ž . Ž . Ž . Ž . 2 a 2 a a a4 4 4 4
a 2 a 3 4   e 
 1 ,Ž . Ž .3 2 a4
a 4   e ,Ž .4
a a 5 4   e 
 1Ž . Ž . 5 a4
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for some a , a , a , a , a 	 with a  0, or1 2 3 4 5 4
a2 a a a 3 23 5 2 5 ² :   exp a      ,  ,Ž . ½ 51 1 ž /3 2
2   a a   a  ,Ž .2 3 5 2
   a  ,Ž .3 3
a 4   1    e ,Ž . Ž .Ž .4 4   a Ž .5 5
for some a , a , a , a 	 and a  0.1 2 3 5 4
Ž . 	 Ž .4Proof. By 3.3 , we see that H  is a one- Ž .,  Ž .,  Ž .,  Ž .,  Ž . 	1 2 3 4 5
ŽŽ .. Ž . Ž . Ž . Ž .parameter subgroup of GL E if and only if   ,   ,   ,   ,1 2 3 4
Ž .and   satisfy the equations5
2 ² :          exp             ,  ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .½ 51 1 1 3 5 2 5
     2                ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 4 5 2 4 2
2
             ,Ž . Ž . Ž . Ž .3 3 4 3
          ,Ž . Ž . Ž .4 4 4
              .Ž . Ž . Ž . Ž .5 4 5 5
 Thus by similar arguments as in the proof of Lemma 4.1 in 3 , we can
obtain the desired result.
Ž . Ž . Ž . Ž . Ž .Let   ,   ,   ,   , and   be the functions given in1 2 3 4 5
Lemma 4.2. For notational convenience, we put
H  H  ,Ž .a , a , a , a , a ;   Ž . , . . . , Ž .1 2 3 4 5 1 5
where a , . . . , a are the complex numbers appearing in the functions1 5
Ž . Ž .  , . . . ,   .1 5
THEOREM 4.3. For each complex numbers a , a , a , a , and a ,1 2 3 4 5
	 4 ŽŽ ..H is a differentiable one-parameter subgroup of GL Ea , a , a , a , a ;  	1 2 3 4 5
with infinitesimal generator a I a D  a   a N a D.1 2  3 G 4 5 
Proof. We will prove only the theorem for the case a  0 since the4
proof for the case a  0 is similar to the case a  0. From Lemma 4.2,4 4
	 4 ŽŽ ..H is a one-parameter subgroup of GL E . For eacha , a , a , a , a ;  	1 2 3 4 5
	 , 	 E , we put
ˆf   H 	 ,    g  ,Ž . Ž . Ž . Ž .a , a , a , a , a ;  11 2 3 4 5
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Ž . 	 Ž .² : Ž .² : Ž .² :where g   exp    , 	    	 , 	    	 ,  2 3 4
Ž .² :4   ,  . Then we have5
	 	 ² : 	 ² :f      g      , 	    	 , 	Ž . Ž . Ž . Ž . Ž .Ž1 2 3
	 ² : 	 ² :  	 ,      , f Ž . Ž . Ž ..4 5
and
 	 	 ² :f    g     2     , 	Ž . Ž . Ž . Ž . Ž .Ž½ 1 1 2
	 ² : 	 ² : 	 ² :  	 , 	    	 ,      ,Ž . Ž . Ž . .3 4 5
	 ² : 	 ² :     , 	    	 , 	Ž . Ž . Ž .Ž1 2 3
2	 	² : ² :  	 ,      ,Ž . Ž . .4 5
 ² :  ² :     , 	    	 , 	Ž . Ž . Ž .Ž1 2 3
 ² :  ² :  	 ,     , .Ž . Ž . . 54 5
Ž . Ž . Ž . Ž . Ž .Let   0 be fixed. Note that   ,   ,   ,   , and   are0 1 2 3 4 5
C-functions. Hence there exist non-negative constants K , K , K , K ,1 2 3 4
and K such that5
  ² :  ² :  ² :  ² : max f    K exp K  , 	  K 	 , 	  K 	 ,  K  ,  .	 4Ž . 1 2 3 4 5
 
 0
Now we put
h 	 ,   f  
 f 0 
 f  0  .Ž . Ž . Ž . Ž .
 Then by the Taylor theorem, whenever    it follows that for any0
	 , 	 E .
 h 	 , Ž .
  2
  max f  Ž .
2    0
  2
² :  ² :  ² :  ² :  K exp K  , 	  K 	 , 	  K 	 ,  K  , .	 41 2 3 4 52
Now let p 0, and let  0 be such that
1
 12 22 22 
1 2 
1   e A  1 and e A  1.HS HSž / ž /1
  1 
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Then we can find q 0 and C 0 such that
  2 2 2       h 	 ,   C exp  	   ,    , 	 ,	 E .Ž . ½ Ž . 5pq 
p 0 2
ŽŽ ..It then follows from Theorem 2.1 that there exists  	 L E such that
ˆ  h and 
  2
    
  CM  , 0 
 , 
	 E . 4.2Ž . Ž . Ž .p
1 pq1 2
On the other hand, we obtain that
² 	 , : ˆf 0  e  I 	 , Ž . Ž .
² : ² : ² : ² : ² 	 , :f  0  a  a  , 	  a 	 , 	  a 	 ,  a  ,  eŽ . Ž .1 2 3 4 5
 ˆ a I 	 ,  a D 	 ,  a  	 , Ž . Ž . Ž .1 2  3 G

ˆ a N 	 ,  a D 	 ,  .Ž . Ž .4 5 
Hence we have
  H 
 I
  a I a D  a   a N a D .Ž . a , a , a , a , a ;  1 2  3 G 4 5 1 2 3 4 5
Ž .From 4.2 , it follows that
H 
a , a , a , a , a ; 1 2 3 4 5


sup
 
 1pq1

 a I a D  a   a N a D 
Ž .1 2  3 G 4 5 
p
1
 
 CM  , 0  0Ž .
2
as  0. Therefore the proof follows.
For each 	 E , we define operators p and q by  
1  p  D 
D , q  i D D .Ž . Ž .     2
Then from Theorem 4.3 we have following corollaries.
COROLLARY 4.4. Let a , a , a , a , a 	. The1 2 3 4 5
H	 4a , Ž12.a i a , a , a ,
Ž12.a i a ; 1 2 5 3 4 2 5 	
CHUNG AND JI744
ŽŽ ..is a differentiable one-parameter subgroup of GL E with infinitesimal
generator a I a p  a   a N a q .1 2  3 G 4 5 
	 4COROLLARY 4.5. Let a, b, c, d	. Then H is a differen-a, b, 0, c, d;  	
ŽŽ ..tiable one-parameter subgroup of GL E with infinitesimal generator aI
bD  cN dD. 
	 4COROLLARY 4.6. Let a, b, c	. Then H is a differen-a, b, 0, 0, c;  	
ŽŽ ..tiable one-parameter subgroup of GL E with infinitesimal generator aI
bD  cD. 
	 4COROLLARY 4.7. Let a, b, c	. Then H is a differen-0, a, b, c, 0;  	
ŽŽ ..tiable one-parameter subgroup of GL E with infinitesimal generator aD 
b  cN.G
  	 4COROLLARY 4.8 3 . Let a, b	. Then H is a differen-0, 0, a, b, 0;  	
ŽŽ ..tiable one-parameter subgroup of GL E with infinitesimal generator a G
bN.
For 	 E , put
P 
 H 
 and 0, 12, 0, 0,
12; 
Q 
 H 
 , 	, 
	 E .Ž . 0, i , 0 , 0, i ; 
Then P 
 and Q 
 have the representation 
1 1 2² : ² :P 
 x  exp 
 x ,  
  ,   
 x  ,Ž . Ž .	 4Ž . 2 4
Q 
 x  ei² x ,  :
 x .Ž . Ž .Ž .
  	 4 	 4COROLLARY 4.9 9 . Let 	 E . Then both P and Q are  	  	
ŽŽ ..differentiable one-parameter subgroups of GL E . Their infinitesimal genera-
tors are p and q , respectiely. 
4.2. One-Parameter Transformation Subgroup of K
In this subsection, we find a differentiable one-parameter subgroup of K
Ž . Ž .with infinitesimal generator aN a    a   , where1 0, m 1 n 0, m n1 n
a, a , . . . , a 	.1 n
LEMMA 4.10. Let  and  , . . . ,  be differentiable -alued functions1 n
Ž . 	 4on  with    0 for all 	. Then K is a Ž .,  Ž ., . . . , Ž . 	1 n
one-parameter subgroup of K if and only if there exist some constants
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a, a , . . . , a 	 such that the functions  and  , . . . ,  are gien by1 n 1 n
either
    e ,Ž .
a am 1 1   e 
 1 ,Ž . Ž .1 am1 a 0, or

a am n n   e 
 1 ,Ž . Ž . n amn
 a   1    e ,Ž . Ž .Ž .
   a  ,Ž .1 1 a 0.
   a  ,Ž .n n
Ž . 	 4Proof. By 3.5 , we see that K is a one-parameter Ž .,  Ž ., . . . , Ž . 	1 n
subgroup of K if and only if for any  ,  	
          ,Ž . Ž . Ž .
m1             ,Ž . Ž . Ž . Ž .1 1 1

m n             .Ž . Ž . Ž . Ž .n n n
 Thus by similar arguments as in the proof of Lemma 4.1 in 3 , we can
obtain the desired result.
Ž . Ž . Ž .Let   and   , . . . ,   be the functions given in Lemma 4.10.1 n
For notational convenience, we put
K  K ,a , a , . . . ,a ;   Ž . ,  Ž . , . . . , Ž .1 n 1 n
Ž .where a, a , . . . , a are in  appearing in the functions   ,1 n
Ž . Ž .  , . . . ,   .1 n
The following theorem can be proved by using similar arguments as in
the proof of Theorem 4.3.
	 4THEOREM 4.11. Let a, a , . . . , a be in . Then K is a1 n a, a , . . . ,a ;  	1 n
differentiable one-parameter subgroup of K with infinitesimal generator aN
Ž . Ž .a    a   .1 0, m 1 n 0, m n1 n
 COROLLARY 4.12 3 . Let    . Then for each a, b 	 ,1
	 4K is a differentiable one-parameter subgroup of K with in-a, b, 0, . . . ,0;  	
finitesimal generator aN b .G
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	 4In the complex parameter case, a one-parameter subgroup  z z	
ŽŽ . . ŽŽ . .GL E is called holomorphic if there exists a 	 L E such that 
 

 
z
lim 

  0 for all 
	 E and p 0.Ž . zz0 p , 
	 4Also,  is called the infinitesimal generator of  .z z	
Ž m. 	 4COROLLARY 4.13. For each 	 E *, K is a holomor- 1, z, 0, . . . ,0 z	
ŽŽ . .phic one-parameter subgroup of GL E with infinitesimal generator
Ž .  , where if m 0, 1, then  0 and if m 2, then  1
 2m.0, m
Proof. We note that for any 		 E ,
² m:K 
  exp z k , 	 
 .	 41, z , 0 , . . . ,0 	 	
	 4So K is a one-parameter subgroup of K. By the same argu-1, z, 0, . . . ,0 z	
	 4ment as in the proof of Theorem 4.3, we can prove that K is a1, z, 0, . . . ,0 z	
ŽŽ . .holomorphic one-parameter subgroup of GL E with infinitesimal gen-
Ž .erator   .0, m
5. LIE GROUPS ASSOCIATED WITH LIE ALGEBRAS
For 	 E , note that we have the following commutation relations:
 ² :D , D   ,  I , D , N D   
 D ,   0, D , N 
D G   5.1Ž .
  D ,  
2 D ,  , N  2 . G  G G
Moreover, we have
mN ,  
m  , 	 E *. 5.2Ž . Ž . Ž .Ž .0, m 0, m 
²  :THEOREM 5.1. For each nonzero 	 E , let  I, D , D , N,  .   G
Then  is a fie-dimensional non-nilpotent solable complex Lie algebra.
Ž .Proof. From the commutation relations in 5.1 , we see that  is closed
under the Lie bracket. Thus the proof follows from the relations
Ž1. ²  :    ,   I , D , D ,  ,  G
Ž2. Ž1. Ž1. ² :    ,   I , D ,
Ž3.  Ž2. Ž2.  	 4   ,   0 ,
 Ž1.  Ž1. ,    .
MULTI-PARAMETER TRANSFORMATION GROUPS 747
²  : ²In Theorem 5.1, we see that  I, D , D , N,   I, p , q , N,  G  
1  : Ž . Ž . Ž  . since p  D 
D and q  i D D see 9 .G      2
Remark. Let *2* denote the direct product *2 *
 with the group operation defined by
 	 ,  	 ,  	 ,  	 ,  	   ,  ,  ,  , Ž . Ž .1 2 3 4 5 1 2 3 4 5
  	  eŽ
	
3
2
5
	
25.²  ,  : , 2 	     	 Ž 1 1 3 4 5 2 4
 ,  	  2   ,  	  ,  	    	 ..2 3 4 3 4 4 4 5 5
2 Ž .Then the map * * H defined by  ,  ,  ,  ,  1 2 3 4 5
Ž 2 .H is a group isomorphism. We note that * *, is ,  ,  ,  , 1 2 3 4 5
a Lie group. This permits us to define the Lie group structure on H which
makes it isomorphic to *2*. So H becomes a five-dimensional
complex Lie group as stated in the following theorem.
THEOREM 5.2. H is a fie-dimensional complex Lie group associated with
²  :Lie algebra  I, D , D , N,  .  G
	 Ž . 4COROLLARY 5.3. H  H    	*,  ,  ,  	 is a1  ,  ,  , 1,  1 2 3 51 2 3 5
four-dimensional Lie subgroup of H associated with Lie algebra  1
²  :I, D , D ,  .  G
	 Ž . 4COROLLARY 5.4. H  H    ,  	* and  ,  	2  ,  , 0,  ,  1 4 2 51 2 4 5
is a four-dimensional Lie subgroup of H associated with Lie algebra  2
² :I, D , N, D . 
	 Ž . 4COROLLARY 5.5. H  H    	* and  ,  	 is a3  ,  , 0, 1,  1 2 31 2 3
three-dimensional Lie subgroup of H associated with Lie algebra  3
² :I, D , D . 
	 Ž . 4COROLLARY 5.6. H  H    ,  	 and  	* is a4 1,  ,  ,  , 0 2 3 42 3 4
three-dimensional Lie subgroup of H associated with Lie algebra  4
² :D ,  , N . G
² Ž . Ž .:THEOREM 5.7. Let  N,  , . . . ,  be the complex0, m 1 0, m n1 n
Ž .ector space spanned by N and   , i 1, . . . , n, where for each0, m ii
Ž m i. Ž .i 1, . . . , n,  	 E *. Then  is a n 1 -dimensional non-nilpotenti 
solable complex Lie algebra.
Ž .Proof. From Eq. 5.2 , we see that  is closed under the Lie bracket.
Thus the proof follows from the relations
Ž1. ² :    ,     , . . . ,  ,Ž . Ž .0, m 1 0, m n1 n
Ž2. Ž1. Ž1. 	 4   ,   0 ,
Ž1. Ž1. ,    .
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Let *  n denote the direct product * n with the group opera-t
tion defined by the twist product:
 	 ,  	 , . . . ,  	   ,  , . . . ,    	 ,    	  m1 , . . . ,    	  m n .Ž . Ž . Ž .1 n 1 n 1 1 n n
n Ž .Then the map *   K defined by  ,  , . . . ,   K is at 1 n  ,  , . . . ,1 n
group isomorphism. We note that *  n is a Lie group. This permits ust
to define the Lie group structure on K which makes it isomorphic to
n Ž .*  . So K becomes a n 1 -dimensional complex Lie group. Thus,t
by Theorem 4.11, K is a Lie group associated with Lie algebra .
Ž 3n.Now we define a map  from K into GL  by
 0 0 0 0  0 
m10  0 0 0  0
0  1 0 0  01
. . .. . . : K  . ,  , . . . , . . .1 n
0  0 0  0 0
m n0  0 0 0  0 0  0 0 0  1n
Then  is a group homomorphism and hence is a matrix representation of
Lie group K in 3n.
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